Chaos theory has been seen as an efficient tool for studying the turbulent flow, the findings of attractor were also important and made in the study to investigate the wake flow behind the bluff body. Here, the fractal dimension value would then be found by Hurst analysis. According to the results found, the Hurst empirical formula derived by the self-similar laceration of vortex plane would be applied by self-similar property to decide the band of the frequency variations in the vortex shedding process. The three kinds of flow mode with their individual attractors and characteristics could be decomposed and shown as following: self-similar laceration, energy input and white noise band. Finally, the energy ratio for the three kinds of flow mode had been confirmed. Hence, these findings would be helpful to further study the wake flow in the vortex shedding process.
INTRODUCTION
The unsteady turbulent wake behind bluff bodies such as cylinders and flat plates has been investigated extensively [1~5] . But the details of wake flow near the bluff body are still poorly understood [6] because of its complexity and need more efforts to study.
Here, a complete flow field could be though as the combination of all sub flow modes. Along this kind of viewpoint, the coherent structure scholar branch was originated by A.A. Townsend [7] , S. Corrsin [8] , F. Brown and A. Roshko [9] . And also, the chaos scholar branch was first addressed by E.N. Lorenz [10] , the turbulent with self-similar structures was formed until the 1970s. B.B. Mandelbrot [11] studied many various kinds of irregular natural phenomenon and further prompted self-similarity and fractal theoretical analysis. The another analyzing method for fractal dimension of the flow structures with digital photo image developed by K.R. Sreenivasan [12] was often employed to study the fractal structure for many various kinds of flow field [13~17] . Here, a novel method developed by Mandelbrot [18] would be employed to study the self-similar properties of the wake flow behind the bluff body in the vortex shedding process.
EXPERIMENTAL APPARATUS
The close-type and low-speed wind tunnel with a square test section 150mm by 150mm was employed to obtain the base pressure and velocity signals of downstream different positions behind the three dimensional cylinder whose aspect ratio equals 4.7 at Re = 16500. The turbulent intensity of the wind tunnel was about 0.6% of the mean velocity measured at the centerline of test section. The bluff body employed was a trapezoidal cylinder installed with the wider side facing the incoming flow. The maximum width was 32mm, denoted as d. Therefore, the blockage ratio based on the frontal area of the bluff body was about 21% [6] .
The coordinate system shown in Fig. 1 and employed in the present study was described as follows: X represented the streamwise axis with the positive direction pointing downstream. Y represented the vertical axis with the positive direction pointing downward and Z represented the spanwise axis. The origin of X = 0, Y = 0, and Z = 0 was located at the geometrical center of the trapezoidal cylinder.
HURST AND FRACTAL DIMENSION ANALYSIS
The self-similar theorem had been proved by J.W. Lamperti [19] . A principal description of Hurst analysis used in the study was introduced simply. More details could be referred to papers [20, 21] .
Some assumptions were made, the time series of measurement were set as ξ(t) at t = 1, 2, …, N. The quantity average of the rescaled time-span, <ξ> τ , could be defined by (1) for τ ≤ N. Fig. 1 The experimental arrangement of the trapezoidal cylinder and different measured positions at Re = 16500
Here τ was the rescaled time-span and the accumulated departure of the rescaled time-span X (t′ ; τ) then was defined in (2) for t′ ≤ τ.
Hence, the departure scope R(τ) then could be obtained by (3) at the rescaled time interval of τ.
Duly, the departure scope values R(τ) were dependent on the kinds of rescaled time-span. The departure would be normalized by the standard deviation of the rescaled time-span τ in the form of (4) for checking its consistence.
Therefore, the ratio R/S would also be found by (5) and show as following:
Here, k was constant and the values of Hurst exponent H obtained by the slope of regression line for the relation between the R/S Log scale and the rescaled time-span τ were corresponding to three different kinds of flow mode in region of 0 < H < 1 [23] .
To calculate conveniently, the value of R/S would be calculated by 2 ; 1, 2,3, .., Table 1 by sample average of ten sets for all measured points. By the results of 
DECOMPOSITION OF VORTEX SHEDDING SIGNALS AND ATTRACTOR FINDINGS

Decomposition versus Physical Meanings
In 1922, the turbulent energy paradigm was proposed by L.F. Richardson [24] . He wrote a pasquinade to describe it as following:
Big whirls have little whirls
Which feed on their velocity Little whirls have small whirls And so on to viscosity.
The phrases of "Big whirls have little whirls ... Little whirls have small whirls" just was essentiality of the self-similar laceration process. The phrases of "Which feed on their velocity" meant the energy input of upstream flow motion. And the phrases of "And so on to viscosity" also meant that the energy would finally degenerate into heat dissipation by friction. According to the turbulence paradigm, the three kinds of flow energy mode were happened with their individual Hurst exponent values. By the energy transferring process, the corresponding flow bands would be decomposed from the measuring signals. The peak of the energy spectrum shown on Fig. 2 meant the energy input and the energy transferring hierarchically would induce a series of sub-vortices and more small size of vortices, it reflected on the spectrum in the form of 1/f |a| . At last, all flow energy would finally degenerate into heat by viscous eddies. Therefore, the white noise band would appear on the power spectral for all flow motions. Here, the three kinds of flow model would be combined and shown on Fig. 3 , all the cut-off frequencies were then easily known and decided for the three flow modes.
It was also known easily that the shape of Here, the decisions of the low and high cut off frequency for the flow modes would be further discussed in the below. The character of the fluid was so 'soft' that it couldn't endure any stretching and tilting forces. Therefore, all eddies would fracture the more small eddies from the previous original eddy. This fracturing process for eddies were named as "vortex avalanche". The hyperbolic curve of the power spectrum shown on the Fig. 5 was made by mirror image function. The least fracture period of the self-similar laceration process reflected the start frequency of vortex avalanche on the power spectrum. The low cut-off frequency was the start frequency of vortex avalanche and the high cut-off frequency was the flat slope on the spectrum. 
Low Cut-off Frequency and Hurst Exponent
By Hurst exponent analysis, the decision of cut-off frequency was more accurately and persuasively for self-similar band. To achieve it, the empirical formula of Hurst exponent was employed [25~27].
Here, the accumulative average exponent function α( f ) would be applied and defined by (6)： 
Here, S i was the spectral density of the power spectrum, f 1 was the minimum frequency but greater than the measuring resolution frequency. f m meant the wanted frequency of requiring average exponent ( f = f m ). The calculation was proceeding on the discrete value of measured power spectrum directly. Hence, the four different measured points in the name of P b , A, D and G were taken and shown in Fig. 6 for checking its fitting formula of α( f ) = 1 -2H. The value of H would be looked up from Table 1 . Therefore, the low cut-off frequency was naturally named as a Hurst saturated frequency. The decision of multi-point was also used to check the maximum cross-point frequency whose value was less than vortex shedding frequency. The maximum cross-point frequency reflected the minimum period of self-similar laceration.
All results of Hurst frequency listed on the Table 2 were taken by ensemble average of ten sets. The Strouhal number of low cut-off frequency would be found from the Table 2 and almost close to the vortex shedding frequency at the same Reynolds number. In fact [28] , the low cut-off frequency was only half of vortex shedding frequency. The peak frequency did mean the shedding vortex and energy inputting. Figures 2 and 3 showed that the white noise would hold the flat characteristic band of power spectral. According to the property of white noise shown on the spectrum, the average horizontal slope function was defined and used to capture the characteristic of flat band.
High Cut-off Frequency and Geometry Property of the Spectrum
The parameter α( f ) was another accumulative average function and obtained by the slope of the linear regression formula S( f ) = a × f + b (f = f k ) for the power spectrum analysis. The average flat slope was fluctuated at near zero for white noise. And the accumulative average slope would be effect by the accumulation range. Therefore, the normal factor was obtained by the accumulative average slope between the peak frequency and the maximum frequency.
As shown in Fig. 6 , the low cut-off frequency would be checked by the frequency on fitting α( f ) = 1 -2H. The value of H was looked up from Table 1 . Therefore, the low cut-off frequency was naturally named as Hurst saturated frequency. Four example cases were taken in the name of base pressure signal of position P b , the velocity signals of position A, D and G, respectively. The fitting frequency may be single or multiple. The low cut-off frequency of single-point case was just the frequency required. The decision of multi-point was used to check the maximum cross-point frequency being less than vortex shedding frequency. The maximum cross-point frequency reflected the minimum period of self-similar laceration.
As shown in Fig. 7 , the high cut-off frequency was tested by fitting α( f ) = 0.1. It meant that 90% accuracy value of flat (zero) slope was made. The results of high cut-off frequency were also made by ten samples average and listed in Table 2 . By the low and high cut-off frequencies, the signals of the wake flow could be decomposed as Richardson paradigm. Hence, it was named as Richardson decomposition and applied to separate the coupled and mixed sub flow modes into three sub flow systems by the low and high cut-off frequencies in the study. 
Three Sub Flow Modes of Attractor
By the low and high pass filter, the original signals could be separated into three sub-flow modes by Richardson decomposition. The model 1 would character with whose frequencies were less than the low cut-off frequency, the model 2 indicated that frequencies were between the low and high cut-off frequencies and the model 3 meant those frequencies being greater than high cut-off frequency. The experimental data would then be embedded in the phase space and presumed by topology dimension technology [29] . After the handling process, the phase spaces with the coordinates (P(t), P(t + 1), P(t + 2)) or (U(t), U(t + 1), U(t + 2)) were formed and meant that the phase space of time lag would make the manifold topologically to be equivalent to Hamilton space ( , , ) P P P or ( , , ) U U U [27] .
Although, most of researches would pay much attention to calculate the values of τ 1 , τ 2 by a complex process at phase space (P(t), P(t + τ 1 ), P(t + τ 2 )) or (U(t), U(t + τ 1 ), U(t + τ 2 )). The τ 1 , τ 2 would be easily obtained by τ 1 = 1/f low and τ 2 = 1/f high for the decomposition method in the study. Hence, the decomposed signals were directly embedded in (P(t), P(t + 1), P(t + 2)) or (U(t), U(t + 1), U(t + 2)).
The methodology of fractal properties being utilized for the spectrum was better than those methods being determined time lag by autocorrelation or crosscorrelation. The Fig. 8 showed all the attractors of base pressure signals recorded in 1 second time interval. Figure 8 (a) indicated that mode 1 was separated from the original data by the low cut-off frequency filter and the attractor of self-similar trajectories was embedded. The fine trajectory structures would reflect the self-similar laceration for various flow eddies during the vortex shedding processes. The dynamic behavior of the vortex shedding flow was intermittence flickering due to its properties of self-similar, random and seen clearly from framework of Hamilton system. The fine trajectory structures were constructed by random stability.
The result of Fig. 8(b) showed that energy input attractor was a quasi-period motion whose trajectories were encircled in almost an obvious center. The planet-like motion of the energy input attractor was well fitted the physical meaning of vortex generation by a nearly constant frequency. The flow field would also be stirred by generating vortices and inputted at a nearly period.
At final, the result of Fig. 8(c) showed that the attractor of the heat dissipation was tended to sprinkle the phase space with random motion. The attractor of the mode3 was also fitted to Liouville ergodic hypothesis [30, 31] . By this hypothesis, the model 3 was then named as Liouville attractor and the trajectory of the points in the phase space would be passed by each phase space point being available to the system.
Comparing with Figs. 8 and 9 , the three kinds of attractor shown in Fig. 9 were recorded in 2 seconds for velocity signals measured at different points. Here, study the physical meanings of attractor by velocity signals was harder than pressure signals because of the U component in the name of the kinetic energy of one direction. Hence, the energy input attractor of the velocity component reflected the interactions between different directions and more complicated trajectories than the energy attractor of pressure.
All attractors of self-similar laceration for pressure and velocity signals shown in Figs. 8~10 would do appear chaotic characteristic clearly. Therefore, the characteristic of self-similar trajectories of attractor for self-similar laceration were possessed during vortex shedding processes. The new findings of chaotic feature embedded in the vortex shedding process would also be confirmed in the study. 
Energy Ratio for Three Different Modes of Attractor
In order to realize the occupational energy for three kinds of attractor in the flow, an energy ratio would be applied and defined as following:
Energy of Sub Mode i Energy Ratio of Sub Mode i
Total Energy = Here, the original signal Y(t) was defined by (8) and separated into three sub-modes y1(t), y2(t) and y3(t).
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The energy ratio for each sub-mode was defined by (9).
Here, R YY was the autocorrelation coefficient of the original signal Y(t) and R Yyi indicated the cross-correlation between the original signal Y(t) and the sub-mode yi(t). Hence, the summation for all correlation coefficient was equal to 1 and represented in (10). 
The results of Fig. 11 showed that the energy component of the low frequency variations would be dominated and increased as downstream. The energy ratio of mode 1 (low frequency component) was with increasing tendency and occupied with all energy at point D (X/d =2.0). The attractor of self-similar laceration for mode 1 was a key source for studying the irregular signals in the downstream vortex shedding process. It did help us to understand the kernel of the turbulent flow. 
Signal Analysis of Power Law Spectrum
The relationship of 1 − 2H applied to establish the Richardson decomposition was very useful to ascertain the self-similar character occupied by the low frequency variation. Results of Fig. 12 would indicate that the normalized Log-Log plot of the spectrums were divided into three parts of region by two vertical solid dash line in the name of the normalized low and high cut-off frequency, respectively. The linear regression curves of the power density were taken at region I and III. The region II of the energy input band couldn't be taken in a linear regression because of its quasi-period behavior. The linear regression process on the Log-Log spectrums would be similar to the accumulative average exponent function and equal to the exponent regression of (11). The results of the average exponent would show that the results of region I would fit the Hurst self-similar band of 1 -2H well. It did fit the physical meaning of the self-similar type spectrum of the vortex avalanche. More average exponents of high band (Region III) were near zero. But the base pressure, points A and E taken, characterized with the tendency of the Kolmogorov's -5/3 law. Hence, the relationship of 1 -2H based on the Richardson decomposition has been confirmed to be very useful to ascertain the self-similar character of the low frequency variation.
CONCLUSIONS
The Hurst analysis and semi-empirical formula of the spectrum (α = 1 − 2H) were applied to develop Richard-son decomposition in the study. By the Richardson decomposition method, three kinds of attractor mode in the wake flow would be found and classified: (i) self-similar laceration, (ii) energy input, (iii) Liouville attractor. These findings of attractor could help to confirm and understand the chaotic behavior of the wake flow in the vortex shedding process. The energy of the low frequency component would be dominated and increased as downstream. The attractor of selfsimilar laceration for mode 1 was a key source for studying the irregular signals in the vortex shedding process. It was very helpful to understand the kernel of the turbulent wake flow.
